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INTRODUCTION
The system of linear Volterra integro-differential equations of the second kind (S-LVIDE-SK) is given by Aggarwal and Kumar (2021)
S S S
v (s) = hy(s) + f Ky1(s — ©) v (D)dt + f Kp(s — Vo (Ot + - + f Kyn(s — Hva(Ddt
0 0 0
S S S
L vi™ () = hy(s) + f Ky (s — t) vy (D)dt + f Kpz (s — OV (Ot + -+ f Ky (s — D)vy (Ddt
S S S
vi™(s) = hy(s) + j K,1(s — t) vy (Odt + f Kp2(s — v (D)dt + - + f Knn (s — v, (Ddt
\ 0 0 0
With

(vl(l)(O) =ay,  1=012..,m-1)
vP0)=ay, 1=012,..m—1;

v =a, 1=012..m-1;
the derivatives of v, (t), v,(t) ..., v,(t) mostly occur outside
the integral sign. The Kernels K;;(s, t), and the function h;(s)
forj,i=1, 2,..,n are given real-valued functions. There are
many phenomena and processes in different areas of
engineering and applied science where integro-ordinary

differential equation plays an important role like in circuit
analysis, glass forming process, wave propagation, nuclear

Where the unknown functions v, (t), v,(t) ..., v,(t) which
will be determined, appear only inside the integral sign whilst
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reactors, nano-hydrodynamics, biological population, visco-
elasticity, optimal control system, geophysics, population
genetics, radiation optimization, hereditary phenomena in
biology and physics, magnetism and electricity, medicine,
kinetic theory of gases, communication theory, quantum
mechanics.

The SEE transform of the function W(t) is defined as Ajel
Mansour et al. (2021):

S{W(t)} = qin f W(t)e 9tdt = G(q), neEz
0

t>0,¢,<q< ¥,

(1)
Where S is SEE transform operator.

The SEE transform of the function W(t) for t > 0 exist if
W(t) is piecewise continuous and of exponential order. These
conditions are only sufficient conditions for existence of SEE
transform of the functionW(t).

In recently years some researchers for solving system of
Fredholm and Volterra integro-differential equations have used
several techniques.

Aggarwal and Kumar (2021) used Laplace-Carson
transform for solving (S-LVIDE-SK). Jalal et al. (2019) solved
the (S-LVIDE-SK) by modified decomposition method. Rabiei
et al. (2019) they considered a third order General Linear

Method for finding the numerical solution of Volterra integro-
differential equation . Hasan and Suleiman (2018) by applying
Linear Programming problem demonstrated the numerical
solution of mixed Voltera-Fredholm integral equations. Hassan
et al. (2017) applied Aitken method for solving Volterra-
Fredholm integral equations of the second kind with Homotopy
perturbation technique. Bakodah et al. (2017) showed an
efficient modification of Adomian decomposition method to
solve the non-linear system of Fredholm and Volterra integro-
differential equations. Chandra Guru Sekar et al. (2017) they
studied the Single Term Walsh Series approach for solving the
(S-LVIDE-SK) and their numerical solutions. Singh and
Wazwaz (2016) they proposed a reliable technique based on
Adomian decomposition method (ADM) for the numerical
solution of fourth-order boundary value problems for Volterra
integro-differential equations. Hassan (2011) used power
functions to determine the solution of system of Fredholm
integral equation of the second kind.

If we concentrate on the SEE transform, Mansou et al.
(2021)showed the usefulness of the SEE integral transform of
Bessel’s functions to determine the integral which includes
Bessel’s functions.

The main purpose of this paper is to determine the
solution of the system of linear Volterra integro-differential
equations of the second kind by applying SEE transform.

SEE TRANSFORM TO SOLVE SYSTEM OF LINEAR VOLTERA INTEGRO-DIFFERENTIAL

EQUATIONS OF THE SECOND
The general (S-LVIDE-SK) is given by Wazwaz (2011),

v{™(s) = hy(s) + {

vi™(s) = hy(s) + {f"

v (s) = hy(s) + {

{Vg)(O) = aq], 1=0,1,2,.., m— 1;‘
with Vg)(o) =ay, 1=012,..,m—1;

v =ay, 1=01,2,..,m—1;
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Taking ESS transform's operator on system (2) and using convolution theorem of ESS transform, we get

- QS (K1 ()50 ()} + S K ()T ()}
SEUm @) = st @+ | OIS

- 4" (K1 ()51 ()} + q"S (Ko ()IS (w5 ()]
{ (S)} S{hz(s)“. 21+ +J”5{K2n(s)}5{ii(s)} ) 4)
- 45Kt (9350 ()] 1 7S TK g ()35 (o ()}
st (s)} st @+ | sty ]

Using the property “ESS transforms of derivatives” on system (4), we get
V(lm_l)(O) A

—t

{ - w = Sthy ()} + [q“S{Kn(s)}S{vln(s)} + Q"S{K;5 (9)}S{v2 ()}

v1(0) + -+ q"S{K1n(8)} S{vn (s)}

qn—m+1

\+q"S{vy1(s)}/

( vgm_l)(o)
-

B ng_z)(O)

3 qn-1

v2(0)

qn m+1

+qu{V2(S)}) AR EEE EEE EEE EEE EEE EEE EEE EES EEN EEN EEN EEN EEE EEE EEE EEE NG EES NS EEE EEE EEE EEE EEE
( (m o)

qn
V(m_z)(O) n n

- | _ q"S{Kn1()}S{v1(8)} + " S{Kn2 ()}S{v2(s)}
L e St St )
qn—m+1

\+q"S{v,(s)}/

_ 4PS(Ky1 ()}SEv1 ()} + " S{K 2 (5)}S (V2 ()}
=St | S Ko (5)) S )} (5)

Substituting equation (3) in system (5), we obtain

Polytechnic Journal e Vol 12 e No2 e 2022



Rustam

_ a1(m-1)
i S{K11 ()}S(V1 ()}

) e =Sy} + | +S{Kia (982 (5))
- qn—11?+1 + 4+ S{Kln(s)}s{vn(s)}
+qu{V1(5)}

( __ 32(m-1)

 aymey S{Ky1 (8)}5(v (5)}

! @ =S} | +S{Kaa(9)ISIva(5))
- qn—zr::+1 + 4+ S{KZH(S)}S{Vn(S)}
([ _ An(m-1) 3

s S (Ko ()}50V ()}

4 =S} | +5{Kna(8)S(v2())
- qn—I:r?+1 +e 4t S{Knn(S)}S{Vn(S)}
+q™S{vy (s)}

After simplification system (6), we get
S{hy(s)}
A1(m-1)
[(qm — S{K11(8)})S{v1(s)} — S{K;2(s)}S{v, (5)}] _ a q
— o = ${K1n(8)}S{Vn(s)} +o

+ e + qn—m+1
S{hy(s)}

d2(m-1)

== S{Kzn(5)} S{va(5)) +

a0

+ o + qn—m+1
Sthy ()}
an(m-1)

[_S{Knl(s)} S{vi(s)} — S{K2(s)} S{v,(s)} — ] _ ] qn
+(q™ = S{Knn()S{vn(s)} 4 2n(m-2)

qn—l

[—S{K21(S)} S{vi(s)} + (@™ — S{K22(s)DS{v.(s)} _ q

ano
+ o + qn—m+1 |

The solution of system (7) is given as
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S{h.(s)}
A1 (1
+ 1((;?1 1)
A1(m-2)
qn—l

a
+"'+qn——1m0+1

( Sth,(s)} ]
Ao (m—
+ 2((;1;1 1)
A2(m-2)
qn—l
a
+“‘+qn—72ng+1
S{hn(s)}
Ap(m—
+ ng% 1)
Ap(m-2)
qn—l

N — S{Ky15()} .. — S{Ky1n(s)}

N (@™ = S{Kz2(s)}) .. = S{Kzn(s)}

+ - S{an(s)} (qm - S{Knn(s)})

a
k+'"+qn——?r?+1

S{v,(s)} =

(@™ — S{K11(8)) —S{Ki2()} ... —S{Kin(s)}
—5{K21(s)} (@™ — S{K32(s)}) .. —S{Kz,(s)}

_S{Km(s)..}: _S{an (S)} (qm - S{Knn -

a -
+ 1((;1;11)

[ S{hi(s)} ]

(@™ — S{Ki1(s)}) . —S{Kin(s)}

A1(m-2)
qn1

a
+"'+qn—713+1

S{hy(s)}

Ay(m—
+—((‘1‘; L)

+

—S{Kz1(s)} e = S{Kyn(8)}

A2(m-2)
qn—l

a
+"'+qn-—fr?+1

a —
+ n((r;:]l)

+

_S{Knl (S)} . (Clm - S{Knn(s)})

An(m-2)
F

da
+"'+qn—7?3+1

+
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( S{hi()}
+a1(qn;l—1)

(@™ = S{K11(8)}) —S{K12(8)} ... o +a1(m—12) g
qn-

10
ot gnem )

S{h(s)}
Aoy
+ Z(qn:l 1)

qn—l

Q20
ot e

St}

=S{K31(s)} (@™ — S{Kp(8)}) ... o +a2(m—2) g

_I_an(m—l)
qn
—S${Kn1(s)} —S{Kyn(8)} ... < _l_an(m—z) ’
qu—l
k_|_ e %
Sn() = T S o) — SR~ —SKnG)
SSKo ()} (g™ — S{Kap(8)]) e — S{Kyn(S))
S ()] S(Kp ()] (@™ — S{Kn(5)D)

After simplification of above equations, we get the values
of S{vi(s)}, S{v2(5)}, ..., S{vn(s)}. After taking the inverse
ESS transform on these values, we obtain the required values

of v1(s), v5(), ..., vy ().

APPLICATIONS

In this part of the paper, some applications have been
considered for illustrate the complete methodology.

Application 1. Consider the following (S-LVIDE-SK).
2 3
Vi(s) =145 =S+ S+ [3(s — Ovy(Ddt + [(s — ¢ + Dvy(D)dt }

vh(s) = —1 =35 =25~ S 4 [*(s — t + Dy (©)dt + [ (s — Ovp(D)dt
With
v;(0) =1, v,(0)=1

Operating SEE transform on system (8) and using convolution theorem of SEE transform, we have
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L[ str+sts) q"S{s}S{v1(s)}

St} = [—és{ﬁ} + §5{s3}] Ly qnsts + 1150ma0o0)
, [ s} -3s(s} q"S{s + 1}5{v,(s)}

S{va(s)} = [_%5{52} _ %5{53}] + [ +q"S{s}S{v2zs)} ]

(10)

Using the property “SEE transforms of derivatives” on system (10), we have

1 1 1
qn+1 + qn+2 qn qn+2 S{vl (5)}

-1
=10 +qS{vi}=| | 5 4 o |T 1 1
a st |0 (G ) SWa()
-1 3 1 1
qn ( + qn+1) S{vl (S)}

-1 n+1 gntz n+z
_nvz(o) + qS{UZ (S)} = 3? 21 ql 31 1 1
1 S{v, ()}
qnt2 2\S )

(11)

—_————— — +qn

Using equation (9) in system (11), we get

it o " S} )

-1 . 1 + qS{v (S)} _ qn+1 qn+2 +
on 1 - 1 2! 1 3! 1 1
! T2 qnt3 T 3gnte +q" (qn+2 + W) S{v,(s)}

(12)

-1 3 1 1

-1 qn+1 - q‘n+2 qn (qn+2 + W) S{vl (S)}
q_n*l"'qS{UZ(S)}: 3 20 13 |T n 1

+q qn+2 S{UZ(S)} J

After simplification system (12), we have

1 1 1 1 1 1 1 2
(q - F) S{vl (S)} - (q_z + E) S{UZ (S)} = (q_n + qn+l + qn+2 - qn+3 + qn+4.)
1 1 1 1 1 3 3 2
—(G+7) S + (0 - ) SW2(9)) = G = 725 = 725 — o5 — o)

e

(13)

The solution of system (13) is given by

1,01 1 1, 2 1.1
qann+1an+2 qn+3an+4— - quq

1 1 3 3 2 1
qil qitl itz gn+s3 qn+4) (q_q_z)
1 ) ( 1 1)

[—— p— _+_
(q q? a2 'q
1 1 1
G )
(q2 a =2
( _L) (1 , 1 1 1,2 )
qz qann+1an+2 qn+3an+4
_( 1 i 1) ( 1 1 3 3 2 )
q2'q qn qn+1 qn+2 ql’l+3 qn+4 _
1 (1 1) -
—_— p— _+_
(q q? a®'q

(3 (a3)
Now

1 q"+q°+29°—-2q*—3q>—-7q*>—4q—4
S{Vl(S)}=—n[ 3(n2 3

q @+ D> -q—-2)

19" -q°-29°-2q*+q®+3q> +4q+4] 1
S{Vz(s)}z_n 372 3 ~n

q *(@*+1(q* —q—2) q

After simple computations, we get:
Al=B1=1,C1=2,D1=E1=F1=G1=H1=0

_ 1 q7+q6+2q5—2q4—3q3—7q2—4q—4]
q" a®(q?+1)(q®-q-2)

Sy ()} =

S (14)

1 q7—q6—2q5—2q4+q3+3q2+4q+4]
q" a3(q*+1)(q3~-q-2)

S{vo(s)} =

iy

B, C;, D;q+E;, F;q?+G;q+H,;

Aq
al i +
qa q¢* ¢ (@@*+1D (@ —-q-2)
A, By G D2q+E2+F2q2+G2q+H2
q

1
]=q—n

+—=+
a2 ¢ (g2+1) (@*-q-2)
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and Az=1,B2=_1,C2=_2,D2=E2=F2=G2=H2=0

1[1 1 2 1 1 2
S{vi(s)} = o [a + 2 + E] = Qi+t + qn+2 + qnt3
Then 111 1 2 1 1 2 (15)
O =gl wal e
lg 2 @ qntl qntz | gnes

Operating inverse SEE transforms on system (15), we get the required solution of system (8) with (9) as

R 1 1 1 I 1 1 1 1 1 _ 2\

171(5) =S {qn+1 + qn+2 + qn+3} =S {qn+1} +S {qn+2} +25 {qn+3} =1l+ts+s
_ 1 1 2 _ 1 _ 1 _ 1

vy(s) =S71 {qn+1 - qn+2 - qn+3} =S5 {qn+1} -5t {qn+2} —257 {qn+3} =l-s—s’

Application 2. Consider the following (S-LVIDE-SK)

vi'(s) = —s% — st + [T 3v,(O)dt + [ 4vy(t)dt \

vy(s)=2+s?—s*+ fos 4v4(t)dt — fos 2v, (H)dt (16)
vy (s) =6s—s?+s3+ fos 2v, (t)dt — fos 3v,(t)dt
with v1(0) = 0, v1(0) = 1; v,(0) = 0, v3(0) = 0;v3(0) = 0,v3(0) =0 (17)

Operating SEE transform on system (16) and using convolution theorem of SEE transform, we have

S{v' ()} = =5{s%} = S{s*} + q"S{3}S{v2 ()} + g S{4}S{vs(s)}
S{vy ()} = 5{2} + S{s?} = S{s*} + q"S{4}S{vs(s)} — q"S{2}S{v1 (s)} (18)
S{vy ()} = 65{s} — S{s?} + S{s*} + q"S{2}S{v1 ()} — q"S{3}S{v,(s)}

Using the property “SEE transforms of derivatives” on system (18), we have

3! 1

= n_~1
-v1(0) _ v1(0) + 25{17 (S)} _ qnte L 3q qntl S{UZ(S)}
qn qn1 q 1 - 41 4gn 1
T gnts +4q qntt S{vs(s)}
[ 2 217 B 1 -
: it s | 44" e Stvs(s)}
- 0 0 n+1 n+3 n+1
%) - ’;i—(_f A CIOTES K B B > (19)
e —2q" i Stva ()3
6 _ 2] [ ggn_t :
-v3(0)  v5(0) 2 gtz g3 2q qntt S{U1 (S)}
qn _F*’q S{vz(s)} = 31 + L1
qnte __3q qn+t S{UZ (S)}_

Using equation (17) in system (19), we get
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-1 ——=| [ 30" =S} ]
_n+q25{v1(s)} = 2 + )
q ~ 5] _+4qn e S{vs (s)}_
2 2217 1 :
2 qn+1 qn+3 4qn TL+1 S{U3 (S)}
SOl N . (20)
qn+5 _Zq qnHl S{Ul(s)}_
qZS{v3 (S)} = qn+2 qn+3 qn+i 5{1]1(5)}
qn+4- —361 P S{vz (5‘)} )

After simplification system (20), we have

42501 ()} = 2 S(a()} — - Slws ()} = (— — )

25(01()} + 425 (02(5)} = 25 (v3(5)} = (o + oy — ) (21)

251} + 25,9} + 425s(9)) = (s — oz + ?)

The solution of system (21) is given by

1 3 ! 3 4
K
2 2! 2 4
(qn+1+qn+3 qn+5) q 2
6 2! 3! 3 1 10 48 101 48
s ton) qa* —ala*+—3——] _n*_z[q6+10__] 1
S{vi(s)} = et —— =1 =11 =—0 (22)
qz —E —E q6+10—q—3 [q6+10— ] q
2 2 4
2 q _4
q q
-2 3 2
—_— - q
q q
2 1 3 41 4
q (q_n_w_m) o
2 2 2! 4
7 (qn+1+qn+3 qn+5) ]
-2 6 2! 2 3.20 96 48
=2 + S2q3+5— Zlqb+10-=
S{U (S)} _Iq (qn+2 3 qn+4-) q _ qn[ ) qa qs] _ q3[q q3] 2 (23)
2 - 2 _3 _4 - 641025 nrg6 _48, 7 gn+3
q q°+10 q"[q®+10——=] q
q q q q
2 2 4
2 q _4
q q
-2 3 2
- - q
q q
2 3 1 3! !
q 2 (q_n_W_W)
2 2 2 2!
7 q (qn+1+qn+3 qn+5)
-2 3 6 21 60 288
rl P (qn+2 qn+3+ n+4) qn[6 2+q__ q7] 4[‘1 +10—_ 31
S{U3(S)} = 3 4 = = 2 (24)
q? - — q6+10—— q”[q6+10——3] q
q q q
2
2 q2 _4
q q
-2 3 q2
q q

Taking inverse SEE transforms on equations (22), (23), and (24) we obtain the required solution of the system (16)
with (17) as

vy(s) = 5—1{qnl+2} =5
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v,(s) = 5‘1{ 12113} =s2

v3(s) = S‘l{ 314} =s3

CONCLUSION

In this paper, we successfully obtained the solution of (S-
LVIDE-SK) by SEE transform and the methodology
completely illustrated by giving two applications. The results
of these applications assert that the SEE transform is a very
effective and beneficial integral transform for obtaining the
exact solution of (S-LVIDE-SK). The proposed scheme can be
applied to system of linear Volterra-integral equations.

APPENDICES

TABLE 1. USEFULL PROPERTIES OF SEE TRANSFORM Mansou et al. (2021),
Ajel Mansour et al. (2021)

S.N Name of Mathematical Form
Property
1. Linearity S{cW,(t) + dW,(t)} = cSW ()} + dS{W, ()}

1 q
S{w(ct)} = mG(Z)

2. | Change of Scale

S{ectw ()} = (qq_—nc)nG(q —c)
3. Shifting
n d
sitw ()} = {_E - E}G(Q)

4. 1% Derivative SW®y=- % w(0) + qG(q)
5. 2" Derivative NMU/AGIER WC;E‘O) - \;Vn(_()l) +q%G(q)

- wem=D(0)  wm=2(0) w(0)
6. mt" Derivative SW™(©} = - n - -1 v - qrm+t

+q™G(q)

7. Convolution S{W, () * Wy (8) 3 = q°S{W,(8)} * S{W, (1) }

Polytechnic Journal e Vol 12 e No2 e 2022 15

TABLE 2. SEE TRANSFORM OF USEFUL FUNCTIONS

Ajel Mansour et al. (2021)

SN Ww(t) S{W(©)} = G(q)
1
1 1 n+1
q
1
2. t e
2!
3. t? Qe
4 m. N m!
. t™m € Z W
1
5. ect -
q*(q-o¢)
c
6. sinct m
7 cosct 1
' Q" (q* +¢?)
c
8. sinhct m
1
9. coshct —_—
q"1(q* — c?)
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TABLE 3. INVERS SEE TRANSFORM OF USEFUL FUNCTIONS
Ajel Mansour et al. (2021)

SN G(aq) W) = K{G(q)}
1
1 qrt 1
1
2. W T
2!
3. g t?
m! +
. m
4, W ,ymn € A t
1
- ct
° q"(q=¢) ¢
C
6. q°(q? +c?) Sinct
1
7. W Cosct
c
8. W Sinhct
1
9. qQ*1(gq% —c?) Coshct
REFERENCES

AGGARWAL, S. & KUMAR, S. 2021. Solution of system
of linear Volterra integro-differential equations of
second kind via Laplace-Carson transform. JETIR, 8,
pp. 915-933.

AJEL MANSOUR, I., KUFFI, E. & A. MEHDI, S. 2021.
The new integral transform "SEE transform” and its
applications. Periodicals of Engineering and Natural
Sciences, 9, 1016-1029.

JALAL, A. A, SLEMAN, N. A. & AMEN, A. I. 2019.
Numerical Methods for Solving the System of Volterra-
Fredholm Integro-Differential Equations. ZANCO
Journal of Pure and Applied Sciences, 31, 25-30.

RABIEI, F., HAMID, F., ABDUL MAJID, Z. & ISMAIL,
F. 2019. Numerical solutions of Volterra integro-
differential equations using General Linear Method.
Numerical Algebra, Control & Optimization, 9, 433-
444,

HASAN, P. M. & SULEIMAN, N. 2018. Numerical
Solution of Mixed Volterra-Fredholm Integral
Equations Using Linear Programming Problem. Applied
Mathematics, 8, 42-45.

HASSAN, T., SULAIMAN, N. & SHAHARUDDIN, S.
2017. SS: Using Aitken method to solve Volterra-
Fredholm integral equations of the second kind with
Homotopy perturbation method. ZANCO J. Pure Appl.

Polytechnic Journal e Vol 12 e No2 e 2022

Sci, 29, 257-264.

BAKODAH, H., AL-MAZMUMY, M. &
ALMUHALBEDI, S. 2017. An efficient modification of
the Adomian decomposition method for solving integro-
differential equations. Math. Sci .Lett, 21, 15-21.

CHANDRA GURU SEKAR, R., BALAKUMAR, V. &
MURUGESAN, K. 2017. Method of Solving Linear
System of Volterra Integro-Differential Equations Using
the Single Term Walsh Series. International Journal of
Applied and Computational Mathematics, 3 ,559-549.

SINGH, R. & WAZWAZ, A.-M. 2016. Numerical solutions
of fourth-order Volterra integro-differential equations by
the Green’s function and decomposition method.
Mathematical Sciences, 10, 159-166.

HASSAN, T. I. 2011. Solving a system of fredholm integral
equations of the second kind by using power functions.
Journal of Kirkuk University—Scientific Studies, 6.

MANSOU, E., KUFFI ,E. & A. MEHDI, S. 2021. The New
Integral Transform "SEE Transform" of Bessel's
Functions.  Turkish  Journal of Computer and
Mathematics Education, Vol.12 3898-3905.

WAZWAZ, A.-M. 2011. Linear and nonlinear integral
equations, Higher Education Press, Beijing and
Springer-Verlag GmbH Berlin Heidelberg 2011.



